We show that, in an amenable group G with lower central series (γn(G)), the function n → rank(γn(G)/γ n+1 (G)) grows subexponentially. This paper continues [2]'s study of amenability of affine algebras (based on the notion of almost-invariant finite-dimensional subspace), and applies it to graded algebras associated with finitely generated groups.
Introduction
Throughout this paper, let k denote a commutative ring, and for a k-module M let rank(M ) denote its minimal number of generators. Recall from [2] the notion of amenable algebra, which first appeared (in a slightly different form) in [6, 11] : M is exhaustively amenable if furthermore in the definition above the space F may be required to contain any specified finite-rank subspace. This is a counterpart to amenability of G-sets for a group G, where according to Følner's definition [9] the G-set X is amenable if, for every ǫ > 0 and every finite subset S ⊂ G, there exists a finite subset F ⊂ X such that (#(F ∪F s)−#F )/#F < ǫ for all s ∈ S. The main result of [2] was: Theorem 1.2. Let K be a field, and let X be a G-set. Then X is amenable if and only if its linear envelope KX is amenable.
In this text, all groups shall be finitely generated, and all algebras shall be affine, i.e. finitely generated associative over k. If R is affine, then any given finitedimension subspace S generating R may be fixed in Definition 1.1.
1.1. Growth of modules. Let R be an affine algebra, generated by the finiterank subspace S, and let M be a finitely-generated R-module, generated (as an R-module) by a finite-rank subspace T . The module M is then filtered by the exhausting sequence of subspaces T ≤ T S ≤ T S 2 ≤ · · · ≤ T S n ≤ · · · . The growth of M is the sequence (r n ) n≥1 defined by r n = rank(T S n ). We say that M has subexponential growth if lim n √ r n = 1. This property does not depend on the choices of S and T . Proposition 1.3. If R has subexponential growth, then R is exhaustively amenable.
Proof. Given U ≤ M of finite rank and ǫ > 0, let d ∈ N be such that U ≤ T S d . Since (r n ) grows subexponentially, lim inf r n+1 /r n = 1, so there exists n > d such that r n+1 /r n < 1 + ǫ. Set F = T S n . Then F + F s ≤ T S n+1 , so (rank(F + F s) − rank(F ))/ rank(F ) < ǫ and F contains U .
We consider in §2 the graded module M 0 = n T S n /T S n−1 associated with the ascending filtration of M by its finite-rank subspaces T S n . If we consider R = kG a group ring, and M = R with T = {1}, then M 0 = R 0 is an algebra with basis in bijection with G, and with product derived from multiplication in G except that g · h = 0 if gh is shorter than the sum of the lengths of g and h. We prove: Theorem 1.4. If G is amenable, or has dead ends, then (kG) 0 is amenable. If G is amenable, or has infinitely many dead ends, then (kG) 0 is exhaustively amenable.
Since the proof of Theorem 1.4 relies on fact that (kG) 0 has a monomial basis, namely a basis B with B · B ⊆ B ∪ {0}, I will risk a Conjecture 1.5. If M is an amenable finitely-generated R-module, then M 0 is also amenable.
1.2.
Augmented algebras. Assume now that R has an augmentation ε : R → k, with kernel ̟; as a typical example R = kG and ̟ = g − 1 : g ∈ G . Let M be an R-module. Then M admits a descending filtration M ≥ M ̟ ≥ M ̟ 2 ≥ · · · ≥ M ̟ n ≥ · · · ; and an associated graded module M = n≥0 M ̟ n /M ̟ n+1 . If M is generated (as an R-module) by a finite-rank subspace T , then M is generated by the image of T in M/̟M .
We restrict now to M = R. If R is affine, say generated by a finite-rank subspace S, then R is also affine: the projection S = {s − ε(s) + ̟ 2 : s ∈ S} of S in ̟/̟ 2 actually equals ̟/̟ 2 irrespective of S, and generates R. The growth of R is then its growth in the sense of §1.1, with respect to the generating subspace S.
The main result of this paper is the following theorem, proven in §5:
Theorem 1.6. If G is an amenable, finitely generated group, then kG has subexponential growth (and therefore is amenable by Proposition 1.3).
Vershik conjectured in [23, page 326 ] that if G is an amenable, finitely generated group and if ̟ denote the augmentation ideal in ZG, then rank(̟ n /̟ n+1 ) grows subexponentially. This follows from Theorem 1.6 with k = Z.
Note that Theorem 1.6 does not extend directly to modules; indeed consider G = F 2 = x, y a free group, and H = y x n : n < 0 . Then X = H\G is an amenable G-set (with Følner sets {x n : 0 ≤ n < N }); however, Λ = kG is the free unital algebra generated by X = x−1 and Y = y−1, and kX = Λ/{X n Y : n > 0}Λ has basis {X n : n ≥ 0} ∪ {Y w : w ∈ {X, Y } * }, so in particular has exponential growth. Note that nevertheless it is an amenable Λ-module.
1.3. Golod-Shafarevich groups. Let K be a field of characteristic p > 0, and assume that G is a residually-p group. This means that the series (G n,p ) n≥1 of dimension subgroups defined by G 1,p = G and G n+1,p = [G n,p , G](G ⌈n/p⌉,p ) p for n ≥ 1, satisfies G n,p = {1}. The degree of g ∈ G, written deg p (g), is the maximal n ∈ N ∪ {∞} such that g ∈ G n,p .
It is well known [17, 19] that L := n≥1 (G n /G n+1 ) ⊗ Fp K has the structure of a restricted Lie algebra over K; and that KG is the universal enveloping algebra of L.
Golod constructed in [10] for every prime p a finitely generated infinite torsion p-group. His method is quite flexible, and was generalized as follows:
A group G is a Golod-Shafarevich group if it admits a presentation G = F/ R F in which F is a free group of rank d and R ⊂ F is a set of relators, such that for some t ∈ (0, 1) we have [18] ; [16, §VIII.12] ; [1] ). All Golod-Shafarevich groups are infinite. If ̟ denote the augmentation ideal in F p G, then dim Fp (̟ n /̟ n+1 ) grows exponentially (at rate at least 1/t).
On the other hand, there are torsion groups that are Golod-Shafarevich (this solved Burnside's problem [5] Ershov [7] has constructed Golod-Shafarevich groups that have property (T) -and no infinite (T) group can be amenable. Any Golod-Shafarevich group admits a Golod-Shafarevich torsion quotient, which will still have property (T). This answers [14, Open Problem 5.2] by a different method.
1.4. Lower central series. Theorem 1.6 has the following purely group-theoretic consequence, also proven in §5: Corollary 1.10. Let G be an amenable, finitely-generated group, and let (γ n (G)) denote its lower central series. Then the function n → rank(γ n (G)/γ n+1 (G)) grows subexponentially.
Note that this function may grow arbitrarily close to an exponential function. Indeed Petrogradsky showed in [21] that if G be the free k-generated soluble group of solubility class q ≥ 3, then
with q − 3 iterated logarithms in the expression above.
The converse of Theorem 1.6 does not hold (see Remark 5.4 ). However, the next statement trivially follows from Theorem 1.6, and raises the question after it: Corollary 1.11. Let G be an amenable group. Then for every finitely-generated subgroup H of G the function n → rank(γ n (H)/γ n+1 (H)) grows subexponentially. Question 1.12. Does there exist a non-amenable residually-finite group G such that for every finitely-generated subgroup H of G the function n → rank(γ n (H)/γ n+1 (H)) grows subexponentially?
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Hecke and crystal algebras
Let G be a group with a finite generating set S. Denote by ℓ(g) the length of g ∈ G in the word metric:
Choose λ ∈ k, and define the "Hecke algebra" 1 (kG) λ as follows: it is isomorphic to kG as a k-module; it has a basis {δ g } g∈G ; and multiplication is given by
If λ is invertible, then (kG) λ is isomorphic to kG, the isomorphism being given by δ g → λ ℓ(g) g.
Quite on the contrary, (KG) 0 is a graded algebra (with degree function ℓ), which we call the crystal 2 of kG. Note that (kG) 0 is the associated graded algebra kS n /kS n−1 of the filtered algebra considered in §1.1. We have:
Proof. Let ǫ > 0 be given, and let S be a finite-rank subspace of (kG) λ . Let S ′ denote the support of S, i.e. the set of those g ∈ G such that δ g has a non-zero coëfficient in some element of S; it is a finite subset of G. Since G is amenable, there exists a finite subset
It is however possible for (kG) 0 to be amenable, yet for G not to be amenable. The following example appears in [4] (with a small typographical mistake).
Say g ∈ G is a dead end if ℓ(gs) ≤ ℓ(g) for all s ∈ S. Note that, although the notation does not make it apparent, this property strongly depends on the choice of S. ZoranŠuniḱ has informed me that every group admits a generating set such that the group contains a dead end. Proposition 2.2. If G has a dead end, then (kG) 0 is amenable.
If G has infinitely many dead ends, then (kG) 0 is exhaustively amenable. 1 The terminology comes from the classical Hecke algebra associated with the symmetric group and GLn. 2 The terminology comes from statistical mechanics, where the parameter λ of the deformation of kG is interpreted as temperature.
Proof. Let first g ∈ G be a dead end. Set F = kδ g . Then F + F s = F for any s ∈ (kG) 0 , so (kG) 0 is amenable. Let now g 1 , g 2 , . . . be an infinite set of dead ends in G. Given ǫ > 0 and E ≤ R of rank n, consider F = E+kδ g1 +· · ·+δ g ⌈n/ǫ⌉ . Then F contains E and rank(F +F s) ≤ rank F + rank E and rank F ≥ rank E/ǫ.
Proof. These groups are hyperbolic; they act by isometries on hyperbolic space and preserve a tiling of H 2 by triangles and 2k-gons, whose 1-skeleton is the Cayley graph of G k .
Assume first that k is even. Consider for all n = 0 the element d 2n = ((xy) k/2 (yx) k/2 ) n and for all n ∈ Z the element d 2n+1 = ((xy) k/2 (yx) k/2 ) n (xy) k/2 .
Then ℓ(d n ) = kn, written above as a word of minimal length. They are on the straight line in H 2 passing through 1 and cutting both neighbouring 2k-gons in two.
However, ℓ(d 2n x ±1 ) ≤ kn, because either x and x −1 cancel, or x and x combine to
If k is odd, consider for all n = 0 the element d n = ((xy) (k−1)/2 x) n , with the same geometric interpretation as above. The same arguments apply.
It is in fact not hard to see that these are the only dead ends in G k . Since for k ≥ 4 the G k are non-elementary hyperbolic groups, they are certainly not amenable.
There unfortunately does not seem to be any natural condition to impose on (kG) 0 to ensure that G be amenable.
Tileable amenable groups
We state and prove in this section a result by Weiss [24] , based on earlier work by Ornstein and Weiss [20, §I.2] . We follow the sketch of a proof by Gromov [11, pages 336-337] , adapting it so as to prepare the ground for a generalization in §4.
We defined amenability with respect to the outer envelope AK of a set A. It will be useful in this section to consider, for a group G and finite subsets A, K,
The easy properties
Theorem 3.1 (Weiss) . Let G be an amenable group, let K ⊆ G be a finite subset, let ǫ > 0 be given, and let N 0 , N 1 , . . . be a sequence of finite-index normal subgroups of G such that n∈N N n = {1}. Then for all n ≫ 0 there exists a (K, ǫ)-invariant subset T n ⊆ G that is a transversal for N n in G.
The proof relies on the following Lemma 3.2. Let Ω be a finite group, and let B, K, L be subsets of Ω, such that
Let δ ∈ (0, 1) be given. Then there exist g 1 , . . . , g s ∈ Ω such that, setting
Proof. Let g 1 , . . . , g s ∈ Ω be a maximal sequence of elements such that (1) holds. For all g ∈ Ω we have
We then deduce 
. Then for any δ 1 , . . . , δ t ≥ δ we also have Θ δt (· · · Θ δ1 (0, 0)) ∈]1 − ǫ/(2#K), 1] × [0, 1].
Using amenability of G, construct finite subsets K 0 = K, K 1 , . . . , K t of G such that #(K i K * j ) < ζ#K i for all j < i in {1, . . . , t}, and #(
Consider n ∈ N large enough so that K i injects in G/N n for all i ∈ {1, . . . , t}, and set Ω = G/N n . Let π : G → Ω denote the natural quotient map. Now start with A t = ∅ and (ν t , α t ) = (0, 0), and apply t times Lemma 3.2: at step j = t, t − 1, . . . , 1, apply it with B := A j , K := π(K j ), L := π(K j−1 ), and (ν, α) := (ν j , α j ), resulting in A j−1 := B s(j) and (ν j−1 , α j−1 ) := (ν ′ , α ′ ). Then by (2,3) we have (ν j−1 , α j−1 ) = Θ δj (ν j , α j ) for some δ j ≥ δ. After t steps, we have obtained a decomposition
∈ Ω, and some Q ⊆ Ω with #Q ≤ (1 − ν 0 )#Ω < ǫ#Ω/(2#K). Lift Q, K i,j and g i,j to Q ⊆ G, K i,j ⊆ K i and g i,j ∈ G respectively. We have obtained a finite subset
of G, transversal to N n , and we compute
Tileable amenable algebras
We prove in this section an analogue of Theorem 3.1 for algebras. We follow as much as possible the notation of the previous section; this mainly amounts to replacing '#' by 'dim', '⊔' by '⊕' and so on.
Throughout this section we consider an associative algebra R over a field K, we use ⊕ and ⊗ to denote direct sum and tensor products as K-vector spaces, and we denote by 'dim' the dimension as a K-vector space. An i-subspace of R is a subspace of R admitting a basis consisting of invertible elements. An i-algebra is an algebra R which is an i-subspace of itself, and R is i-amenable if for every finite-dimensional subspace K and every ǫ > 0 there exists a (K, ǫ)-invariant i-subspace of R. 
Note that, although the notation does not make it apparent, AK * may depend on the choice of basis of K. Then for all n ≫ 0 there exists a (K, ǫ)-invariant subset T n ≤ R that is a vector-space complement for I n in R.
The proof relies on the following
Let Ω be a finite-dimensional i-algebra, let B be a subspace of Ω, and let K, L be i-subspaces of Ω, such that
Let δ ∈ (0, 1) be given. Then there exist invertible g 1 , . . . , g s ∈ Ω such that, setting B 0 = B and B i =
Proof. Let g 1 , . . . , g s ∈ Ω × be a maximal sequence of elements such that (4) holds. Let V be a vector space complement to BK * in Ω, with basis {v 1 , . . . , v d }.
Let K have basis {k i } ⊆ Ω × ; then for any A ≤ Ω the vector space
Proof of Theorem 4.2. Without loss of generality suppose 1 ∈ K. Choose δ > 0 such that δ dim K < ǫ 2 ; choose ζ > 1 such that ζ/(1−δ) < 1+ǫ/(2 dim K). Consider the transformation Θ µ : (ν, α) → (ν ′ , α ′ ) given by
t ∈ N be such that ν ′ t > 1 − ǫ/(2 dim K). Then for any δ 1 , . . . , δ t ≥ δ we also have Θ δt (· · · Θ δ1 (0, 0)) ∈]1 − ǫ/(2 dim K), 1] × [0, 1].
Using i-amenability of R, construct finite-dimensional i-subspaces K 0 = K, K 1 , . . . , K t of R such that dim(K i K * j ) < ζ dim K i for all j < i in {1, . . . , t}, and dim(
. . , t}. Consider n ∈ N large enough so that K i injects in R/I n for all i ∈ {1, . . . , t}, and set Ω = R/I n . Let π : R → Ω denote the natural quotient map. Now start with A t = {0} and (ν t , α t ) = (0, 0), and apply t times Lemma 4.3: at step j = t, t − 1, . . . , 1, apply it with B := A j , K := π(K j ), L := π(K j−1 ), and (ν, α) := (ν j , α j ), resulting in A j−1 := B s(j) and (ν j−1 , α j−1 ) := (ν ′ , α ′ ). Then by (5, 6) we have (ν j−1 , α j−1 ) = Θ δj (ν j , α j ) for some δ j ≥ δ. After t steps, we have obtained a decomposition
∈ Ω, and some Q ≤ Ω with dim Q ≤ (1 − ν 0 ) dim Ω < ǫ dim Ω/(2 dim K). Lift Q, K i,j and g i,j to Q ≤ R, K i,j ≤ K i and g i,j ∈ R respectively. We have obtained a finite-dimensional subspace
of R, and we compute
Proof of Theorem 1.6 and Corollary 1.10
We start by a "Reidemeister-Schreier" result for algebras and ideals: We are now ready to prove Theorem 1.6. We start by a special case:
Proof of Theorem 1.6 for k = K a field of positive characteristic. Let a finite subset S of G and η > 1 be given; we will show that lim n dim(KG/̟ n ) ≤ η.
Since K has positive characteristic and G is finitely generated, the dimension subgroups G n = (1 + ̟ n ) ∩ G have finite index in G for all n. Since any quotient of an amenable group is amenable, we may replace G by G/ G n and assume therefore that G n = 1. The ideals I n = ̟ n have finite codimension in KG, and have trivial intersection.
We apply Theorem 4.2 to I n = ̟ n : let n 0 ∈ N be such that for all n ≥ n 0 there is a subspace F n of KG with KG = I n ⊕ K F n and dim(F n + F n S) < η dim F n . Then
by Corollary 5.3. Set C = dim(KG/̟ n0 )/η n0 . We therefore have dim(KG/̟ n ) < Cη n for all n ≥ n 0 , so lim n dim(KG/̟ n ) ≤ η for all η > 1.
Proof of Theorem 1.6 for k = Z. For n ≥ 0 set r n = rank(̟ n /̟ n+1 ), where ̟ denotes the augmentation ideal of ZG; for n ≥ 0 and p prime set s n,p = rank(̟ n p /̟ n+1 p ), where ̟ p denotes the augmentation ideal of F p G; let r n,p = rank(̟ n /̟ n+1 ⊗ Z F p ) denote the rank of the part of ̟ n /̟ n+1 that is coprime to p, and let r n,0 = rank(̟ n /̟ n+1 ⊗ Z Q) denote the free rank of ̟ n /̟ n+1 .
Since G is finitely generated (say by d elements), ̟ n /̟ n+1 is a finite-rank abelian group (of rank at most d n ), so ∼ = Z rn,0 ⊕ torsion. We thus have r n,p ≥ r n,0 , and for fixed n we have r n,p = r n,0 for almost all p.
By Theorem 1.6 for k = F p , the sequence s n,p grows subexponentially for any fixed p. Every F p factor in ̟ n p /̟ n+1 p lifts to a Z-factor in ZG, which then gives either a Z-factor in ̟ n /̟ n+1 , or gives a torsion factor in ̟ m /̟ m+1 for all m ≥ n. Therefore r m,p ≤ n≤m s m,p , so r n,p grows subexponentially for any fixed p.
The multiplication maps ̟ m /̟ m+1 ⊗ ̟ n /̟ n+1 → ̟ m+n /̟ m+n+1 are onto, so the sequence r n is submultiplicative (r m r n ≥ r m+n ); the same holds for the sequences r n,p for fixed p, and for the sequence r n,0 .
Let η > 1 be given. Then for some n ∈ N we have r n,0 < η n ; and for some p 0 we have r n,p = r n,0 if p > p 0 . By submultiplicativity, r kn,p ≤ r k n,p < η kn for all k.
For all p ≤ p 0 there exists k p ∈ N such that r kpn,p < η kpn , because r n,p grows subexponentially. Set m = n · lcm(k 1 , . . . , k p0 ). Then r m,p ≤ η m for all p.
We have r n = max p r n,p for all n ∈ N, so r km ≤ η km for all k ∈ N. Since r n is submultiplicative, we have lim sup n √ r n = lim(r kn ) 1/kn ≤ η by Fekete's Lemma [22, volume 1, part I, problem 98; originally [8, page 233]]. Since η > 1 was arbitrary, the sequence r n grows subexponentially.
Proof of Theorem 1.6 for general k. Let ̟ denote the augementation ideal of ZG, and let ̟ denote the augmentation ideal of kG. Since the natural map ̟ n ̟ n+1 ⊗ k → ̟ n /̟ n+1 is onto for all n ∈ N, we have rank k (kG/̟ n ) ≤ rank Z (ZG/̟ n ), so the claim follows from Theorem 1.6 for k = Z.
Remark 5.4. The converse of Theorem 1.6 does not hold: the group SL(d, Z) for d ≥ 3 is certainly not amenable (it contains free subgroups), and neither is its congruence subgroup K = ker(SL(d, Z) → SL(d, Z/pZ)). This subgroup is residually-p if p ≥ 3, since 3 the subgroups K n = ker(SL(d, Z) → SL(d, Z/p n Z)) have trivial intersection and index p (n−1)(d 2 −1) in K. Then, because K has the congruence property [3] , the congruence subgroup K n coincides with the dimension subgroup as defined in §1.2, so dim(̟ n /̟ n+1 ) grows subexponentially (approximately at rate e (d 2 −1)π √ 2n/3 ). I wish to thank M. Ershov for pointing out this example to me. Corollary 1.10 could follow along the same lines as the proof for k = Z of Theorem 1.6, by reducing from γ n (G)/γ n+1 (G) to quotients of p-dimension subgroups G n,p /G n+1,p at all primes p, and using the fact that n≥1 G n /G n+1 is the primitive part of the Hopf algebra F p G and therefore has subexponential growth. We will however opt for a shortcut:
Proof of Corollary 1.10. The classical dimension subgroups of G are the subgroups δ n (G) = G ∩ (1 + ̟ n ), where ̟ denotes the augmentation ideal in ZG. By a result of Gupta [12] , δ n (G)/γ n (G) is a finite 2-group. Now rank(δ n (G)/δ n+1 (G)) grows subexponentially by Theorem 1.6 for k = Z, since δ n (G)/δ n+1 (G) is a submodule of ̟ n /̟ n+1 ; and rank(γ n (G)/γ n+1 (G) ⊗ F 2 ) ≤ dim F2 G n,2 /G n+1,2 grows subexponentially since F 2 G has subexponential growth by Theorem for k = F 2 . We conclude that rank(γ n (G)/γ n+1 (G)) ≤ rank(γ n (G)/γ n+1 (G) ⊗ Z[ 1 2 ]) + rank(γ n (G)/γ n+1 (G) ⊗ F 2 ) grows subexponentially.
